(mod p) if m, n, s, t are nonnegative integers with s, t < p. In this paper we aim to prove a similar result for generalized binomial coefficients defined in terms of second order recurrent sequences with initial values 0 and 1.
Introduction
Let N = {0, 1, 2, · · · }, Z + = {1, 2, 3, · · · } and Z * = Z \ {0}. Fix A, B ∈ Z * . The Lucas sequence {u n } n∈N is defined as follows: 
o t h e r w i s e . 
For generalized binomial coefficients formed from an arbitrary sequence of positive integers, the reader is referred to the elegant paper of D. E. Knuth and H. S. Wilf [5] .
Let d > 1 and q > 0 be integers
this property is usually called the regular divisibility
as is well known where (−) denotes the Legendre symbol. On the other hand, drawing upon some ideas of A. Schinzel [6] , C. L. Stewart [7] proved in 1977 that if A is prime to B and α/β is not a root of unity, then u n has a primitive prime divisor for each n > e 452 2 67 ; P. M. Voutier [9] conjectured in 1995 that the lower bound e 452 2 67 can be replaced by 30.
For m ∈ Z we use Z m to denote the ring of rationals in the form a/b with a ∈ Z, b ∈ Z + and (b, m) = 1. When r ∈ Z m , by x ≡ r (mod m) we mean that x can be written as r + my with y ∈ Z m .
For convenience we set R(q) = {x ∈ Z : 0 ≤ x < q} for q ∈ Z + . Our main result is as follows.
Theorem. Suppose that (A, B) = 1, and
where w q is the largest divisor of u q prime to
When A = 2 and B = 1, we have u k = k for all k ∈ N, hence the Theorem yields Lucas' theorem which asserts that
where p is a prime and m, n, s, t are nonnegative integers with s, t < p. In the case A = a + 1 and B = a where a ∈ Z and |a| > 1, as u q+1 = (a q+1 − 1)/(a − 1) = au q + 1 ≡ 1 (mod u q ) for q ∈ Z + , our Theorem implies Theorem 3.11 of R. D. Fray [2] .
Theorem 3 of B. Wilson [10] follows from our Theorem in the special case A = 1, B = −1 and s ≥ t. Wilson used a result of Kummer concerning the highest power of a prime dividing a binomial coefficient; see Knuth and Wilf [5] for various generalizations of Kummer's theorem. Our proof of the Theorem is more direct; we don't use Kummer's theorem in any form. 
Example. (i) Set
Proof. Clearly the right hand side of (6) coincides with
where in the last step we use the identity u k+1 u l − Bu k u l−1 = u k+l which can be easily proved by induction on l ∈ Z + . Now suppose that 2 (A − 1)B. Then u 1 , u 3 , u 5 , · · · are odd and u 2 , u 4 , u 6 ] ∈ Z for all k ∈ N. This was also realized by W. A. Kimball and W. A. Webb [4] . In 1989 Knuth and Wilf [5] proved that generalized binomial coefficients, formed from a regularly divisible sequence of positive integers, are always integral.
Lemma 2. Let q be a positive integer. Then u
Proof. As
. Now assume that q = 2n where n ∈ Z + . Let d be a primitive divisor of u q . Since u n v n = u q ≡ 0 (mod d) and (d, u n ) = 1, we have d | v n and hence
This ends the proof.
Proof. Let l ∈ N. By Lemma 2 of Z.-W. Sun [8] ,
For any prime p and integer r > 3 we have 
t(m−n)+n(s−t) q+1
(mod w q ) (9) where w q is the largest divisor of u q prime to u 1 , · · · , u q−1 . As (A, B) = 1, (u q , u q+1 ) = |u (q,q+1) | = 1. Observe that w q is prime to u q+1 0<r<q u r , and
Proof. Let m, n ∈ N and s, t ∈ R(q). If m < n, then mq
o t h e r w i s e , ≡ mq nq
This concludes the proof.
Proof of the Theorem
Let us first show that u 1 , u 2 , u 3 , · · · are all nonzero. If ∆ = 0, then α = β = A/2 and hence
Suppose that u k = 0 for some k ∈ Z + . Then ∆ = 0, α = β and α k = β k . Since the field Q( √ ∆) contains the root α/β = ±1 of unity, by Propositions 13.1.5 and 13.1.6 of K. Ireland and M. Rosen [3] there exists a positive integer D such that ∆ = −D 2 and α/β ∈ {±i}, or ∆ = −3D 2 and α/β ∈ {±ω, ±ω 2 } where
. This is impossible since A or B is odd. Thus the latter case happens. Now that
2 and hence 3 | (A, B) . This leads to a contradiction.
Next we show (4) .
So we always have u kq /u q = u k . By (8),
Notice that (r k , u q ) = 1 if 2 u q , and (
(mod u q ).
In the case u q ≡ 2 (mod 4), by the above method
as v q = 2u q+1 − Au q ≡ 0 (mod 2) and B ≡ 1 (mod 2) (otherwise A, u 1 , u 2 , u 3 , · · · are all odd), we also have (mod w q ).
In view of (9) 
